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THE WITTEN TOP CHERN CLASS VIA K-THEORY
ALESSANDRO CHIODO
Abstract. The Witten top Chern class is the crucial cohomology class
needed to state a conjecture by Witten relating the Gelfand–Diki˘ı hierar-
chies to higher spin curves. In [PV01], Polishchuk and Vaintrob provide
an algebraic construction of such a class. We present a more straight-
forward construction via K-theory. In this way we short-circuit the
passage through bivariant intersection theory and the use of MacPher-
son’s graph construction. Furthermore, we show that the Witten top
Chern class admits a natural lifting to the K-theory ring.
1. Introduction
1.1. Witten’s conjecture. In [Wit93], Witten conjectures that the inter-
section numbers of certain cohomology classes on the moduli stacks of stable
r-spin curves encode a solution of the Gelfand–Diki˘ı (also known as the higher
KdV) hierarchy. (The conjecture is a generalization of the Kontsevich–Witten
Theorem [Wit91], [Kon92].) Witten’s formulation of the conjecture lacks both
a rigorous definition of the moduli stack S g,n(r,k) of stable r-spin curves and
a construction of the crucial cohomology class on S g,n(r,k) which is usually
referred to as the Witten top Chern class.
1.2. Definition of the moduli stack. The moduli stack of stable r-spin
curves was first defined by Jarvis [Jar00] and is the compactification of the
stack Sg,n(r,k) labeled by the integer and nonnegative indexes r, g, n, and
k = (k1, k2, . . . , kn) satisfying r ≥ 2, 2g− 2+ n > 0, and 2g− 2−
∑
i ki ∈ rZ.
The stack Sg,n(r,k) classifies smooth stable r-spin curves: n-pointed smooth
stable curves (C; s1, . . . , sn) of genus g equipped with a line bundle L on
C and an isomorphism f : L⊗r → ωC(−
∑
i ki[si]). The compactified stack
S g,n(r,k) classifies stable curves C equipped with a torsion free sheaf of
rank one L and a nonzero homomorphism f as above. (Using stack-theoretic
curves, this solution is rephrased in [AJ03] and can be modified as shown in
[Chi]; however, the problem of constructing the Witten top Chern class has
equivalent solutions with all these compactifications, Remark 4.0.10.)
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1.3. Witten’s definition of his class on an open substack. In [Wit93],
the Witten top Chern class is defined on the open substack V of Sg,n(r,k)
satisfying
H0(Cx, Lx) = 0 for all x : SpecC→ V ,(1.3.1)
where ((Cx; s1,x, . . . , sn,x), Lx, fx) is the r-spin curve represented by x. Over
V there exists a vector bundle whose fibre on the point x is the space
H1(Cx, Lx). This is the higher direct image R
1π∗L , where π : C → V is
the universal curve and L on V is the universal line bundle. Then we take
(1.3.2) ctop(R
1π∗L ).
If g = 0, the condition (1.3.1) is satisfied over the whole moduli stack. In
general, R1π∗L is not a vector bundle, so the usual definition of top Chern
class does not apply. Witten sketches a generalization based on the index
theory of elliptic operators. It is not clear, however, how to extend this
approach to singular curves and to the whole stack S g,n(r,k).
1.4. Polishchuk and Vaintrob’s construction. In [PV01], Polishchuk and
Vaintrob provide an algebraic construction of the Witten top Chern class on
the whole stack S g,n(r,k). They work with the universal torsion free sheaf
of rank one L on the universal family C → S g,n(r,k), and they consider
the pushforward Rπ∗L in the derived category, which is used to construct a
Z/2Z-graded spinor bundle S. By extending MacPherson’s graph construction
to 2-periodic complexes, Polishchuk and Vaintrob define the localized Chern
character of S in bivariant intersection theory. Passing to the Chow ring,
they obtain a Chow cohomology class cPV (see Section 5.2). Let χ denote
χ(C ,L ); we have cPV ∈ A
−χ(X)Q. Furthermore, such a class is compatible
with Witten’s earlier definition and, by [Pol04], satisfies all the axioms of the
cohomological field theory defined in [JKV01]—this is a preliminary condition
to Witten’s conjecture [Wit93].
1.5. Our construction of the Witten top Chern class. We start from
the pushforward Rπ∗L in the derived category, but follow a different path,
which is more straightforward and closer to Witten’s original idea (1.3.2) (our
approach is also alluded to in [Pol04, §2, p.2, Remark]). We obtain the class
cPV by working only with classes in K-theory, short-circuiting the passage
through Z/2Z-graded spinor bundles, bivariant intersection theory, and the
use of MacPherson’s graph construction.
We define the K-theory Euler class, a generalization of the total lambda
class evaluated at −1, which by definition is
λ−1 : Vect(X)→ K0(X)
V 7→
∑
i
(−1)i[ΛiV ].
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The K-theory Euler class Ke(F•, a) is defined for a pair (F•, a) where F• is
a bounded complex in degrees 1 and 0 of locally free coherent sheaves and
a : O → Symr−1F0 ⊗ F1 is a closed and nondegenerate form (see Definition
3.1.1 and Definition 3.1.5).
Once Ke(F•, a) is defined, then, the construction follows naturally. We
apply it to a double complex F• in degrees 1 and 0 representing (Rπ∗L )
∨ in
the derived category of S g,n(r,k). Indeed, F• is equipped with a closed and
nondegenerate form a defined using L ⊗r → ω (Section 4).
For a vector bundle V , the total lambda class λ−1 is related to the top
Chern class in the Chow ring by
(1.5.1) ctop(V ) = ch(λ−1(V
∨)) · td(V ).
In Definition 3.5.1 and Definition 4.0.8, we define a Chow cohomology class
cW by
(1.5.2) cW = ch(Ke(F•, a))
td(F∨1 )
td(F∨0 )
.
In Theorem 5.4.1, we prove the identity cW = cPV .
It is also worth mentioning that our construction produces a K-class KW
that lifts cW to the K-theory ring, Definition 4.0.8. We hope that such a
lifting can not only clarify the definition of the Witten top Chern class, but
also improve our understanding of the conjecture.
1.6. Structure of the paper. In Section 2, we introduce our notation. In
Section 3, we define the K-theory Euler class. We provide our construction
for the Witten top Chern class in Section 4 and prove the identity with the
Polishchuk–Vaintrob class in Section 5. Finally, in Section 6, we give some
explicit examples.
1.7. Acknowledgments. I would like to thank Constantin Teleman, who
was most generous to me; I had several illuminating discussions with him
that put this project on the right track. I am also extremely grateful to my
Ph.D. supervisor Alessio Corti for shaping my views on this problem and for
putting a great deal of care in assisting in the preparation of this paper. At
the Laboratoire Dieudonne´ in Nice I benefited from many discussions with
the members of the E´quipe Ge´ome´trie Alge´brique. In particular I would like
to thank Charles Walter for several explanations and for pointing out Lemma
5.3.4.
2. Notation
2.1. Schemes. All schemes are of finite type over C.
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2.2. Fibres. Let p : E → X be a complex vector bundle on a scheme; for
x ∈ X we denote by Ex the fibre p
−1(x) over x ∈ X . For a morphism of
vector bundles f : E → F , we denote by fx : Ex → Fx the morphism induced
on the fibre over x ∈ X . For coherent locally free sheaves K on X we denote
by Kx the fibre of the corresponding vector bundle.
2.3. K-theory. We denote by Vect(X) the category of finite complex vector
bundles on X . We denote by K0(X) and K
′
0(X) the Grothendieck groups
generated by coherent locally free sheaves and coherent sheaves on X .
2.4. Symmetric and exterior product homomorphisms. Let E be a
coherent locally free sheaf on a scheme X . For any nonnegative integers h
and k, the homomorphisms
(2.4.1)
σn : Sym
hE ⊗ SymnE → Symh+nE and λn : Λ
hE ⊗ ΛnE → Λh+nE
are the natural symmetric product and exterior product.
2.5. Symmetric and exterior powers of a complex. In this paper we
work with complexes in degree 0 and 1; in this case, the symmetric and the
exterior power in the derived category can be realized by bounded cohomo-
logical and homological Koszul complexes. Following [Gre89, §1], we write
the complexes explicitly.
First, for any coherent locally free sheaf E on X and for any nonnegative
integer h, denote by
s : SymhE → Symh−1E ⊗ E and l : ΛhE → Λh−1E ⊗ E,
the dual homomorphisms of the products σ1 and λ1 applied to E
∨. This
allows us to define, for any d : V 0 → V 1, the homomorphisms
(2.5.1) SymhV 0 ⊗ ΛkV 1 → Symh−1V 0 ⊗ V 0 ⊗ ΛkV 1
→ Symh−1V 0 ⊗ V 1 ⊗ ΛkV 1 → Symh−1V 0 ⊗ Λk+1V 1,
where the first homomorphism is s tensored with the identity on ΛkV 1, the
second homomorphism is the identity on Symh−1V 0 and ΛkV 1 tensored with
d, and the third homomorphism is the identity on Symh−1V 0 tensored with
the exterior product λ1. In this way, for any complex of coherent locally
free sheaves V • : 0 → V 0 → V 1 → 0 we get the symmetric power complex
SymN (V •)
(2.5.2) 0→ SymNV 0 → SymN−1V 0 ⊗ V 1 → SymN−2V 0 ⊗ Λ2V 1 → · · ·
· · · → Sym2V 0 ⊗ ΛN−2V 1 → V 0 ⊗ ΛN−1V 1 → ΛNV 1 → 0.
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Similarly, for any complex W• : 0→W1 −→W0 → 0 of coherent locally free
sheaves on X . We can define
(2.5.3) SymhW0 ⊗ Λ
kW1 → Sym
hW0 ⊗W1 ⊗ Λ
k−1W1
→ SymhW0 ⊗W0 ⊗ Λ
k−1W1 → Sym
h+1W0 ⊗ Λ
k−1W1
as the composite (id⊗l) ◦ (id⊗d⊗ id) ◦ (σ1 ⊗ id). The exterior power complex
ΛN (W•) is the complex
(2.5.4) 0→ ΛNW1 →W0 ⊗ Λ
N−1W1 → Sym
2W0 ⊗ Λ
N−2W1 → · · ·
· · · → SymN−2W0 ⊗ Λ
2W1 → Sym
N−1W0 ⊗W1 → Sym
NW0 → 0.
In fact, in characteristic 0, SymN and ΛN are well defined functors up to
homotopy [Del73]. We denote by SymN (f) and ΛN (f) the homomorphism of
complexes associated to a homomorphism f of complexes in degrees 1 and 0.
2.5.5. Proposition. Let d : W1 →W0 be a homomorphism of complex vector
spaces, and let H1 and H0 be its the kernel and its cokernel. The cohomology
of ΛN(W•) is given by Sym
hH0 ⊗ Λ
N−hH1 for 0 ≤ h ≤ N .
Proof. Let V be the image of d. The complexW• is the sum of H1
0
−→ H0 and
V
id
−→ V . Therefore, we get
ΛN (W•) =
N∑
i=0
ΛN−i(H•)⊗ Λ
i(V
id
−→ V ).
Note that Λi(V
id
−→ V ) is exact for i > 0. The claim follows. 
3. The K-theory Euler class
The total lambda class evaluated at −1 is defined over vector bundles up
to isomorphism:
λ−1 : Vect(X)→ K0(X)
V 7→
∑
i
(−1)i[ΛiV ].
We now extend its definition. We choose an integer
m ≥ 1.
We work with complexes F• = (0 → F1 → F0 → 0) of coherent locally free
sheaves Fi on the scheme X . Denote by H1,x and H0,x the kernel and the
cokernel of (F•)x.
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3.1. Closed and nondegenerate forms. Consider a homomorphism
a : OX → Sym
mF0 ⊗ F1.
3.1.1. Definition. The form a is closed if d ◦ a = 0 where d is the natural map
d : SymmF0 ⊗ F1 → Sym
m+1F0.
3.1.2. Remark. Consider the complex Λm+1(F•)
(3.1.3) 0
d
−→ Λm+1F1
d
−→ F0 ⊗ Λ
mF1
d
−→ Sym2F0 ⊗ Λ
m−1F1
d
−→ · · ·
· · ·
d
−→ Symm−1F0 ⊗ Λ
2F1
d
−→ SymmF0 ⊗ F1
d
−→ Symm+1F0
d
−→ 0,
introduced in (2.5.4). Note that the form a is closed if and only if d(a(1))
vanishes.
By Proposition 2.5.5, the cohomology of the complex Λm+1(F•)x at
(SymmF0 ⊗ F1)x is Sym
mH0,x ⊗ H1,x. For any x ∈ X , if a is closed, a(1)
induces an element in SymmH0,x ⊗ H1,x, which can be regarded as a linear
system
(3.1.4) Sx : H
∨
1,x → Sym
mH0,x = H
0(Y,OY (m))
with Y = PH∨0,x.
3.1.5. Definition. A closed form a is nondegenerate if for any x ∈ X the image
of Sx is a base point free linear system on PH
∨
0,x.
3.1.6. Remark. Note that this condition implies rk(H0,x) ≤ rk(H1,x) and,
therefore, rk(F0) ≤ rk(F1).
3.1.7. Remark. Note that a closed form a is nondegenerate if and only if for
any x ∈ X the following condition is satisfied: an element v ∈ H∨0,x is zero if
(3.1.8) ∀w ∈ H∨1,x, 〈Sx(w), v
m〉 = 0.
3.2. The double complex L•,•. From now on we always assume that a is
a closed and nondegenerate form. We write
(3.2.1) Lh,k = SymhF0 ⊗ Λ
kF1.
We define homomorphisms
d˜ : Lh,k → Lh+1,k−1,
a˜ : Lh,k → Lh+m,k+1
of bidegrees (1,−1) and (m, 1). The homomorphism d˜ is defined as the differ-
ential of the complex ΛN (F•) at (2.5.4) with N = h+k. Consider the natural
homomorphisms described in (2.4.1)
σm : Sym
hF0 ⊗ Sym
mF0 → Sym
h+mF0, λ1 : F1 ⊗ Λ
kF1 → Λ
k+1F1.
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The homomorphism a˜ is the composite of id⊗ a⊗ id and σm ⊗ λ1
(3.2.2) SymhF0 ⊗ Λ
kF1
id⊗a⊗id
−−−−−−→ SymhF0 ⊗ Sym
mF0 ⊗ F1 ⊗ Λ
kF1
σm⊗λ1−−−−−→ Symh+mF0 ⊗ Λ
h+1F1.
3.2.3. Lemma. The bigraded sheaf L•,• is a double complex with differentials
d˜ and a˜.
Proof. We show d˜ ◦ d˜ = a˜ ◦ a˜ = d˜ ◦ a˜ + a˜ ◦ d˜ = 0. The homomorphism d˜ is
the differential of the exterior power of F•; therefore d˜ ◦ d˜ = 0. Furthermore,
a local description of a˜ at x ∈ X shows a˜ ◦ a˜ = 0. We choose an open U ∋ x
such that
a(1) =
∑N
l=0
Pl ⊗ σl ∈ Sym
mF0(U)⊗ F1(U)
with Pl ∈ Sym
mF0(U) and σl ∈ F1(U). Then, a˜x : L
h,k
x → L
h+m,k+1
x can
be written, for ci ∈ (F0)x and bj ∈ (F1)x, as the homomorphism sending∏
1≤i≤h ci ⊗
∧
1≤j≤k bj ∈ L
h,k
x to
(3.2.4)
∑N
l=0
∏
1≤i≤h
ci · Pl(x)⊗ σl(x) ∧
∧
1≤j≤k
bj .
Using σl ∧ σl′ + σl′ ∧ σl = 0 we see that a˜ is a differential.
Finally, we show d˜ ◦ a˜+ a˜ ◦ d˜ = 0. We point out that d˜x : L
h,k
x → L
h+1,k−1
x
sends
∏
1≤i≤h ci ⊗
∧
0≤j≤k bj to
(3.2.5)
∑k
j0=1
(−1)j0
(∏
i
ci · dx (bj0)⊗
∧
j 6=j0
bj
)
,
with dx = (dF•)x, ci ∈ (F0)x, and bj ∈ (F1)x. Indeed, as illustrated in Section
2.5, the homomorphism dx is the composite
(3.2.6) Symh(F0,x)⊗ Λ
k(F1,x)→ Sym
h(F0,x)⊗ F1,x ⊗ Λ
k−1(F1,x)→
→ Symh(F0,x)⊗ F0,x ⊗ Λ
k−1(F1,x)→ Sym
h+1(F0,x)⊗ Λ
k−1(F1,x),
where the first arrow denotes the identity homomorphism tensored by
lx : Λ
k(F1,x)→ F1,x ⊗ Λ
k−1(F1,x), which we write as∧
0≤j≤k
bj 7→
∑k
j0=1
(−1)j0
(
bj0 ⊗
∧
j 6=j0
bj
)
.
Then the definition given in (2.5.3) implies (3.2.5). As a consequence of (3.2.5)
and (3.2.4), the fact that d˜ and a˜ anticommute is just another way to say that
a is closed. 
3.3. The complexes K•,•i . For each i = 0, . . . ,m, set
Kp,qi = Sym
p+mq−iF0 ⊗ Λ
−p+qF1
with differentials of bidegrees (1, 0) and (0, 1)
d˜ : Kp,qi → K
p+1,q
i and a˜ : K
p,q
i → K
p,q+1
i .
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This diagram illustrates K•,•0 .
· · · Sym3m+1F0 ⊗ Λ
2F1 · · ·
Sym2m−1F0 ⊗ Λ
3F1
d˜ // Sym2mF0 ⊗ Λ2F1
d˜ // Sym2m+1F0 ⊗ F1 //
a˜
OO
. . .
Symm−1F0 ⊗ Λ
2F1
a˜
OO
d˜ // SymmF0 ⊗ F1
d˜ //
a˜
OO
Symm+1F0 //
a˜
OO
0
OO
0
OO
// OX
a˜
OO
// 0
OO
// 0
OO
Fig. 1 illustrates that K•,•i is nonzero only if 0 ≤ −p + q ≤ rk(F1) and
p+mq ≥ 0.
1−m
q ✻
p
✲
rk(F1)
r
rr
r✲✻
r
r
 
 
 
 
 
 
 
 
 
 
❵❵❵
❵❵❵
❵❵ 
 
 
 
 
 
 
 
 
 
 
 
K
•,
•
i
no
nz
er
o
on
ly
in
th
is
st
rip
Figure 1. the double complex K•,•i .
Note that the direct sum of the double complexes K•,•i is equal to L
•,•.
m⊕
i=0
K•,•i = L
•,•
For any i = 0, . . . ,m, we denote by (K•i , D = d˜+ a˜) the total complex.
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3.3.1. Theorem. There exists an integer n0 such that, for n ≥ n0, the coho-
mology group Hn(K•i ) vanishes and the sheaf I = im(K
n−1
i → K
n
i ) is locally
free.
Proof. We write K•,• and K• omitting i. We define
(3.3.2) n0 = (4m+ 2 rk(Sym
mF0))/(m+ 1)
and show the exactness of Kn−1 → Kn → Kn+1 for n ≥ n0.
Since all the sheaves of K• are coherent and locally free, it suffices to check
the exactness after base change of K• to x for all closed points x ∈ X . The
spectral sequence of complex vector spaces Ep,q2
∼= H
q
a˜(H
p
d˜
(K•,•x )) abuts to
the cohomology of (K•x, Dx). We show E
p,q
2 = 0 for p+ q ≥ n0.
Write F1,x → F0,x as the sum of H1,x
0
−→ H0,x and V
id
−→ V . In this
way, each term Kp,qx can be written as the sum of the complex vector spaces
SymrH0,x⊗Λ
sH1,x⊗Sym
p+mq−i−rV ⊗Λ−p+q−sV for r ∈ {0, . . . , p+mq− i}
and s ∈ {0, . . . ,−p+q}. Denote by Gp,q the summand corresponding to r = 0
and s = 0 and denote by Qp,q the sum of the remaining terms in Kp,qx . In
this way, each element α ∈ Kp,qx is given by α
′ ∈ Gp,q and α′′ ∈ Qp,q. The
morphism ax : Cx → Sym
mF0,x⊗F1,x = K
0,1 splits as (a′x ∈ G
0,1, a′′x ∈ Q
0,1).
The differentials d˜x and a˜x can be written as
Gp,q ⊕Qp,q → Gp+1,q ⊕Qp+1,q d˜x =
(
0 0
0 d′′
)
,(3.3.3)
Gp,q ⊕Qp,q → Gp,q+1 ⊕Qp,q+1 a˜x =
(
a′ 0
a′′ â
)
,(3.3.4)
where, by construction, d′′ is exact, and we have d′′ ◦ â + â ◦ d′′ = 0 and
d′′ ◦ a′′ = 0, as a consequence of d˜x ◦ a˜x + a˜x ◦ d˜x = 0, (Lemma 3.2.3).
Now, note that Hp
d˜
(K•,qx ) = G
p,q, by the exactness of d′′. Furthermore, the
vertical cohomology Hqa˜(H
p
d˜
(K•,•x )) is the cohomology of the complex G
p,•
where the differential a′ is induced by a′x : Cx → G
0,1 = SymmH0,x ⊗H1,x as
follows
(3.3.5) SymhH0,x ⊗ Λ
kH1,x
id⊗a′x⊗id−−−−−−−−→ SymhH0,x ⊗G
0,1 ⊗ ΛkH1,x
= SymhH0,x ⊗ Sym
mH0,x ⊗H1,x ⊗ Λ
kH1,x
σm⊗λ1−−−−−−→ Symh+mH0,x ⊗ Λ
k+1H1,x.
Indeed, by (3.3.4), we have a˜x(α
′, α′′) = (a′(α′), a′′(α′) + â(α′′)). By the
exactness of d′′, the passage to cohomology with respect to d˜x induces the
homomorphism a′ of (3.3.5) on the cohomology groups Hp
d˜
(K•,qx ). So,
Hp
d˜
(K•,q−1x )→ H
p
d˜
(K•,qx )→ H
p
d˜
(K•,q+1x ),
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is the cohomological Koszul complex associated to (H1,x)
∨ → SymmH0,x:
(3.3.6) Symh−mH0,x ⊗ Λ
k−1H1,x → Sym
hH0,x ⊗ Λ
kH1,x
→ Symh+mH0,x ⊗ Λ
k+1H1,x,
for h = p+mq− i and k = −p+ q. After tensoring by det(H1,x)
∨, we obtain
the homological Koszul differential
(3.3.7) Symw−mH0,x ⊗ Λ
v+1H∨1,x → Sym
wH0,x ⊗ Λ
vH∨1,x
→ Symw+mH0,x ⊗ Λ
v−1H∨1,x,
with v = rk(H1,x)− q + p and w = p+mq − i.
We illustrate that the homomorphism of (3.3.7) can be regarded as the
homological Koszul complex associated to the linear system
(3.3.8) Sx : H
∨
1,x → Sym
mH0,x = H
0(Y,OY (m)),
where Y is PH∨0,x. Indeed, denote by Jx the image of H
∨
1,x via Sx; recall
that Jx is a base point free linear system because a is nondegenerate. Write
H∨1,x = Nx⊕Jx, where Nx is the kernel of Sx. The composite homomorphism
at (3.3.7) is the sum over t ∈ {0, . . . , v + 1} of
(3.3.9) Symw−mH0,x ⊗ Λ
v−t+1Jx → Sym
wH0,x ⊗ Λ
v−tJx
→ Symw+mH0,x ⊗ Λ
v−t−1Jx
tensored by ΛtNx.
In [Gre88], Green treats the case of the homological Koszul complexes
induced by a base point free linear system. By [Gre88, Thm. 2], the sequence
(3.3.9) is exact when Jx is base point free and the condition
w ≥ (v − t) +m+ codim(Jx) = v − t+m+ rk(Sym
mH0,x)− rk(Jx)
is satisfied. The middle term of (3.3.9) is nonzero only if v − t− rk(Jx) ≤ 0.
Therefore, (3.3.9) is exact for any t if w ≥ m+ rk(SymmH0,x).
Recall that Kp,q 6= 0 only if q− p ≥ 0; therefore, we restrict to the indexes
(p, q) satisfying q−p ≥ 0. In this way, we have (m−1)(q−p) ≥ 0. Furthermore,
we have (m+1)(p+q) ≥ (m+1)n0, which follows from p+q ≥ n0. Summing up,
we get 2p+2mq ≥ (m+1)n0 and, by (3.3.2), 2p+2mq ≥ 4m+2 rk(Sym
mF0),
which implies
p+mq −m ≥ m+ rk(SymmF0).
We obtain
w = p+mq − i ≥ p+mq −m ≥ m+ rk(SymmF0) ≥ m+ rk(Sym
mH0,x);
therefore, (3.3.9) is exact and Ep,q2 vanishes.
Finally, since Hn((K•i )x) vanishes for every x ∈ X and for n ≥ n0, we
have, for all n ≥ n0,
ker(Dn)x = im(Dn−1)x,
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where (Dn)x is the homomorphism induced by the total differential
Dn : K
n → Kn+1 on the fibre over x. In fact, the rank of ker(Dn)x is equal
to the rank of im(Dn−1)x and is constant, because it is upper and lower semi-
continuous. Therefore, the sheaf I = im(Kn−1i → K
n
i ) is locally free. 
3.4. The K-class. By Theorem 3.3.1, the alternate sum of the cohomology
sheaves of K•i is a well defined class in the K-theory group K
′
0(X). The fact
that I = im(Kn−1i → K
n
i ) is locally free for n ≥ n0 allows us to define the
K-class
cl(K•i ) =
∑
n<n0
(−1)n[Kni ] + (−1)
n0 [I] ∈ K0(X).
which lifts the natural class
∑
n(−1)
n[Hn(K•i )] in K
′
0(X).
3.4.1. Definition. Let F• be a complex in degrees 1 and 0 with a closed and
nondegenerate form a. Then, the K-theory Euler class of (F•, a) is
Ke(F•, a) =
∑
0≤i≤m
cl(K•i ).
3.4.2. Proposition. Let V be a vector bundle of finite rank on X. Consider
the complex V → 0 in degrees 1 and 0. A closed and nondegenerate form a is
necessarily the zero homomorphism O → 0. The K-theory Euler class extends
the total lambda class evaluated at −1 in the sense that
(3.4.3) Ke(V → 0, a = 0) = λ−1(V ).
Proof. By Definition 3.4.1, we have
Ke(V → 0, 0) =
∑
0≤i≤m
cl(K•i ) =
∑
0≤i≤m
∑
p,q≥0
p+mq=i
(−1)q−p[Λq−pV ]
=
∑
0≤i≤m
∑
q≥1
(−1)(m+1)q−i[Λ(m+1)q−iV ] =
∑
q≥0
(−1)q[ΛqV ].

3.5. The cohomology class. We define the cohomological realization of
Ke(F•, a) by analogy with (1.5.1).
3.5.1. Definition. Let E0 → E1 be a complex of coherent and locally free
sheaves in degrees 0 and 1, and b : SymmE0 ⊗ E1 → OX a homomorphism
such that b∨ is a closed and nondegenerate form for (E•)∨. Then,
ctop(E
•, b) = ch(Ke((E•)∨, b∨))
td(E1)
td(E0)
is the top Chern class of (E•, b) in the rational Chow ring A∗(X)Q.
3.5.2. Remark. Clearly, by Proposition 3.4.2 and (1.5.1), we have
ctop(0→ V, b = 0) = ctop(V ).
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3.6. Dependence on F• and a. We investigate how Ke depends on the
complex F• and on the form a.
3.6.1. Theorem. The class Ke(F•, a) depends on F• up to quasiisomorphism
and on the form a up to homotopy.
Proof. We prove the claim in two lemmata.
3.6.2. Lemma. Let a and a′ be two closed and nondegenerate forms
OX → Sym
mF0 ⊗ F1 defining homotopic homomorphisms of complexes:
. . . // Symm−1F0 ⊗ Λ2F1 // Sym
mF0 ⊗ F1 // Symm+1F0
. . . // 0 //
OO
OX
a,a′
OO
// 0.
OO
Then, for any i = 0, . . . ,m, the total complex (K•i , D = d˜ + a˜) and the total
complex (K•i , D
′ = d˜ + a˜′) are isomorphic. In particular, in K-theory, we
have the identity Ke(F•, a) = Ke(F•, a
′).
Proof. Let h be the homotopy OX → Sym
m−1F0 ⊗ Λ
2F1 making the
diagram
Symm−1F0 ⊗ Λ
2F1
d // SymmF0 ⊗ F1
OX
h
iiSSSSSSSSSSSSSS
SS
a−a′
OO
commutative:
(3.6.3) d ◦ h = a− a′.
In fact, h allows us to define a map h˜ : Kp,qi → K
p−1,q+1
i as the natural
composite homomorphism
Symp+mq−iF0 ⊗OX ⊗ Λ
q−pF1
→ Symp+mq−iF0 ⊗ Sym
m−1F0 ⊗ Λ
2F1 ⊗ Λ
q−pF1
→ Symp−1+m(q+1)−iF0 ⊗ Λ
q−p+2F1.
More explicitly, if we write h locally as
∑
lHl ⊗ σ
+
l ∧ σ
−
l , the homomorphism
h˜ sends
∏
1≤i≤h ci ⊗
∧
1≤j≤k bj to
(3.6.4)
∑
l
∏
1≤i≤h
ci ·Hl ⊗ σ
+
l ∧ σ
−
l ∧
∧
1≤j≤k
bj .
Now, by means of h˜ we define an isomorphism between the two double
complexes. First, we need to show two relations: (3.6.5) and (3.6.7).
By (3.6.3), we have immediately
(3.6.5) a˜− a˜′ = d˜ ◦ h˜− h˜ ◦ d˜.
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Furthermore, we have
(3.6.6) d˜ ◦ h˜ ◦ h˜ = −h˜ ◦ h˜ ◦ d˜+ 2h˜ ◦ d˜ ◦ h˜
as a straightforward consequence of d˜(h˜(h)) = 2h˜(d˜(h)), which we can verify
by means of the local presentation of h˜ given above. Indeed, apply h˜ to
d˜(h) =
∑
l
Hl · d(σ
+
l )⊗ σ
−
l −
∑
l
Hl · σ
−
l ⊗ d(σ
+
l )
and compare with the image via d˜ of
h˜(h) = 2
∑
l,q
Hl ·Hq ⊗ σ
+
l ∧ σ
−
l ∧ σ
+
q ∧ σ
−
q .
Using (3.6.6), we prove by induction the following equation for n ≥ 0
(3.6.7) n(d˜ ◦ h˜n+1) = −h˜n+1 ◦ d˜+ (n+ 1)(h˜ ◦ d˜ ◦ h˜n),
where h˜n is the composition of h˜ iterated n times. First, applying the equation
for n− 1, we see that the right hand side equals
(−h˜n+1 ◦ d˜+ h˜ ◦ d˜ ◦ h˜n) + n(h˜ ◦ d˜ ◦ h˜n−1) ◦ h˜
= (−h˜n+1 ◦ d˜+ h˜ ◦ d˜ ◦ h˜n) + (h˜n ◦ d˜+ (n− 1)(d˜ ◦ h˜n)) ◦ h˜.
By (3.6.6), for all integers 0 ≤ i ≤ n+1, we have −h˜i ◦ d˜ ◦ h˜n+1−i+ h˜i+1 ◦ d˜ ◦
h˜n−i = −h˜i+1 ◦ d˜ ◦ h˜n−i + h˜i+2 ◦ d˜ ◦ h˜n−i−1, which implies (3.6.7) by iterated
application.
Now we introduce a homomorphism of total complexes:
e−h˜ :=
∑
j≥0
(−h˜)j/j! .
Since h˜ respects the total grading, it is an endomorphism of Kni . It is well
defined (in characteristic 0) because the summands above vanish as soon as
j > (rkF1)/2 (this immediately follows from (3.6.4)). For all n, e
−h˜ is in fact
an automorphism of Kni , because e
h˜ is also well defined and is the inverse of
e−h˜. Finally, putting together (3.6.5) and (3.6.7), we prove
e−h˜ ◦D = D′ ◦ e−h˜.
Indeed, by (3.6.5), we have D′ = d˜+ a˜+ d˜◦ h˜− h˜◦ d˜, and it is enough to show
e−h˜ ◦ d˜ = d˜ ◦ e−h˜ + d˜ ◦ h˜ ◦ e−h˜ + h˜ ◦ d˜ ◦ e−h˜,
because h˜ and a˜ clearly commute. Indeed, in the equation above, the terms
of degree n in h˜ yield precisely the equation (3.6.7). 
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3.6.8. Lemma. Let (F•, a) and (Φ•, α) be two pairs formed by a complex and
a closed and nondegenerate form. Let f : Φ• → F• be a quasiisomorphism
with
(3.6.9) a = α ◦ Λm+1(f).
Let Γ•,•i and K
•,•
i be the double complexes associated to (Φ•, α) and (F•, a).
Then, the total complexes K•i and Γ
•
i are quasiisomorphic. In particular, we
have Ke(F•, a) = Ke(Φ•, α).
Proof. We denote by a˜ and d˜ the differentials of K•i as in Section 3.3. We
denote by δ˜ and α˜ the analog differentials of bidegrees (1, 0) and (0, 1) of Γ•,•i .
Define f˜ : Γ•,•i → K
•,•
i by the equation
f˜ = Λmq+q−i(f) : Symp+mq−iΦ0 ⊗ Λ
−p+qΦ1 → Sym
p+mq−iF0 ⊗ Λ
−p+qF1.
Note that f˜ satisfies f˜ ◦ δ˜ = d˜◦ f˜ and, by (3.6.9), f˜ ◦ α˜ = a˜◦ f˜ ; therefore, f˜ is a
homomorphism of double complexes which respects the filtrations
∑
q≥tK
p,q
i
and
∑
q≥t Γ
p,q
i .
Note that f˜ is a morphism of filtered differential graded modules and in-
duces homomorphisms of bigraded modules φl : E
p,q
l (K
•,•) → Ep,ql (Γ
•,•) for
l ≥ 0. Note that φ1 is an isomorphism, because Λ
N (f) : ΛN (Φ•)→ Λ
N (F•) is
a quasiisomorphism. Then, by [McC01, §3.1, Thm. 3.2], φl is an isomorphism
for every l ≥ 1. 
The theorem follows from Lemma 3.6.2 and Lemma 3.6.8. 
3.7. Passage to the derived category. In the next section we consider a
complex E• in degrees 0 and 1 of coherent locally free sheaves on X and a
morphism in the derived category Db(X)
τ : Symm+1(E•)→ OX [−1]
inducing a base point free linear system Sx : H
1(E•x) → Sym
mH0(E•x)
∨ for
any x ∈ X . When X is quasiprojective, Definition 3.4.1 and Definition 3.5.1
descend to the derived category in the same way as in [PV01].
Indeed, by [PV01, Prop. 4.7], for h and k sufficiently large, there exists
a complex C• = (C0 → OX(−h)
⊕k) of coherent locally free sheaves on X ,
quasiisomorphic to E•, and satisfying
(3.7.1)
HomKb(X)(Sym
m+1(C•),OX [−1]) ∼= HomDb(X)(Sym
m+1(C•),OX [−1]),
where Kb(X) is the homotopic category of bounded complexes of coherent
sheaves onX . Therefore, the morphism τ in the derived category is lifted up to
homotopy by the homomorphism of complexes γ• : Sym
m+1(C•)→ OX [−1].
Let c be the homomorphism γ1 : Sym
mC0 ⊗ C1 → OX . Note that c
∨ is a
closed and nondegenerate form for (C•)∨; therefore, we define
Ke((E•)∨, τ∨) = Ke((C•)∨, c∨).(3.7.2)
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Furthermore, Definition 3.5.1 applies to C• and c. We define
(3.7.3) ctop(E
•, τ) = ctop(C
•, c).
The definitions above do not depend on the choice of C• and c. Indeed, by
[PV01, Lem. 4.8], for any quasiisomorphisms C• → E• and D• → E• of
complexes in degrees 0 and 1 and for any homomorphisms lifting τ
c : SymmC0 ⊗ C1 → OX , d : Sym
mD0 ⊗D1 → OX ,
there exists a complex E
•
= (E
0
→ OX(−h)
⊕k), and two quasiisomorphisms
f : E
•
→ C•, g : E
•
→ D•. By [PV01, Prop. 4.7], for a sufficiently large
h, we can choose E
•
in such a way that the isomorphism (3.7.1) holds.
The homomorphisms c = c ◦ Symm+1(f) and d = d ◦ Symm+1(g) lift τ .
Therefore, by (3.7.1), they are homotopic. Then, by Lemma 3.6.8, we have
Ke((C•)∨, c∨) = Ke((E
•
)∨, c∨) and Ke((D•)∨, d∨) = Ke((E
•
)∨, d
∨
), whereas,
by Lemma 3.6.2, we have Ke((E
•
)∨, c∨) = Ke((E
•
)∨, d
∨
).
3.7.4. Remark. The K-class Ke(F •, a) of Definition 3.4.1 only depends on F•
and on the homomorphism τ induced by a in the derived category. The K-
class can only be defined when there exists a suitable homomorphism τ . It
would be interesting to determine more accurately how it depends on it.
4. The Witten top Chern class
We choose nonnegative integers r, g, n, and (k1, . . . , kn) = k satisfying the
conditions r ≥ 2, 2g − 2 + n > 0, and 2g − 2−
∑
ki ∈ rZ. Let S g,n(r,k) be
the moduli stack of stable r-spin curves. By [Jar00], an object of S g,n(r,k)
is a set of data including:
(1) a stable curve
C

X
s1 ···
55
sn
CC
where π is proper, the sections si have disjoint images in the smooth
locus of π, and X is a quasiprojective scheme,
(2) a torsion free sheaf of rank one L on C,
(3) an injective homomorphism
f : L⊗r →֒ ωC/X
(
−
∑
i
ki[si(X)]
)
.
The data (π : C → X ;L; f) determine τ : Symr(Rπ∗L) → OX [−1] in
the derived category Db(X). Indeed, by [PV01, Sect. 5], the homomor-
phism Symr(Rπ∗L) → OX [−1] is the composite of the trace homomorphism
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from Grothendieck duality Rπ∗ωC/X → OX [−1] and the homomorphism
Symr(E•)→ Rπ∗ωC/X induced by
(4.0.5) γ : L⊗r
f
−→ ωC/X
(
−
∑
i
ki[si(X)]
)
→ ωC/X .
It is straightforward that the class Rπ∗L can be represented by a complex
E• in degrees 0 and 1. On the other hand, for every x ∈ X , the homomorphism
τ induces
(4.0.6) Symr−1H0(E•x)⊗H
1(E•x)→ C,
where Hi(E•x) is isomorphic to H
i(Cx, Lx). The homomorphism (4.0.6)
coincides with the composite homomorphism
(4.0.7) τx : Sym
r−1H0(E•x)→ H
0
(
Cx, L
⊗r−1
x
)
→֒ H0
(
Cx, ωCx ⊗ Lx
∨
)
∼
−→ (H1(E•x))
∨.
Note that an element v ∈ H0(E•x) is zero if for every w ∈ H
1(E•x) we have
〈τx(v
r−1), w〉 = 0 (the injectivity of the middle homomorphism in (4.0.7) is
crucial and is guaranteed by ki ≥ 0). This means that τ induces a base point
free linear system; therefore, choosingm = r−1, we get a well defined K-class
Ke((E•)∨, τ∨) ∈ K0(X).
For any object of S g,n(r,k)(X), we define the classes Ke((E
•)∨, τ∨) and
ctop(E
•, τ) in K0(X) and A
∗(X)Q. The constructions are compatible with
morphism in the category S g,n(r,k) and naturally induce a K-theory class
in K0(S g,n(r,k)) and a Chow cohomology class in A
∗(S g,n(r,k))Q.
4.0.8. Definition. We define the Witten top Chern class in K-theory as
KW = Ke((E
•)∨, τ∨)
and the Witten top Chern class as
(4.0.9) cW = ctop(E
•, τ).
4.0.10. Remark (Witten top Chern class using other compactifications). In
this paper we work with Jarvis’s compactification [Jar00]. In fact, one can
give a different compactification of the stack of smooth r-spin curves Sg,n(r,k)
by means of (balanced) twisted curves in the sense of Abramovich and Vistoli.
In this way, for instance, Abramovich and Jarvis rephrase the original con-
struction of Jarvis, [AJ03]. A different approach exploits Olsson’s description
of the category of twisted curves [Ols]: in [Chi], we consider the stack S˜g(r)
of r-spin structures over twisted curves, which is e´tale over Olsson’s stack of
twisted curves M˜g:
S˜g(r) → M˜g
(in sketching the procedure, we are omitting the markings for simplicity). We
proceed by classifying all the compactifications of Mg contained in M˜g. Then,
base change leads to new compactifications.
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Although the new compactifications are not isomorphic to the preexisting
ones, the rational Chow rings are isomorphic and the construction can be
applied without modifications and yields the same class in rational cohomol-
ogy. This happens because, the pushforward homomorphism R(πC )∗ of the
r-spin structure L on the twisted curve πC : C → X in the derived category
factors through the derived category of the coarse space C. Now, for stacks
of Deligne–Mumford type, the pushforward homomorphism via C → C is
exact on coherent sheaves [AV02, Lem. 2.3.4]. Finally, this procedure yields
the class cW , because it carries r-spin structures on twisted curves to Jarvis’s
r-spin structures on stable curves defined using relatively torsion-free sheaves
(see [AJ03, §3, §4.3]).
5. Compatibility with the Polishchuk–Vaintrob class
5.1. Notation. The key ingredient of the construction is a 2-periodic com-
plex.
5.1.1. Definition. A 2-periodic complex of sheaves on a scheme Y is a Z/2Z-
graded sheaf W = W+ ⊕ W− on Y equipped with d+ : W+ → W− and
d− : W− → W+ with d− ◦ d+ = d+ ◦ d− = 0. We say that W is a complex
of coherent (respectively quasicoherent) sheaves if W+ and W− are coherent
(respectively quasicoherent). We say that W is exact if
· · ·
d−
−−→W+
d+
−−→W−
d−
−−→W+
d+
−−→W−
d−
−−→ · · ·
is exact.
We denote by E = Spec(Sym∗E∨) the total space of a coherent locally free
sheaf E on a scheme X .
5.2. The construction of Polishchuk and Vaintrob. We recall the con-
struction from [PV01]. We choose an integer m ≥ 1. Consider a complex E•
in degrees 0 and 1 of coherent locally free sheaves on X and a homomorphism
b : SymmE0 ⊗E1 → OX such that b
∨ is a closed and nondegenerate form for
(E•)∨.
Let E0 be the total space of E0, p the projection E0 → X , and i : X → E0
the zero section. The pullback of E0 → E1 via p corresponds to a section
δ : OE0 → p
∗E1. Compose the natural homomorphism E0 → SymmE0 with
the homomorphism SymmE0 → (E1)∨ induced by b. The pullback via p
corresponds to a section α : OE0 → p
∗(E1)∨.
Denote by Sh the sheaf Λhp∗(E1)∨ on E0; then, δ and α allow us to define
homomorphisms δ˜ : Sh+1 → Sh and α˜ : Sh → Sh+1. The constructions of
δ˜ and of α˜ are analogous to the ones of d˜ and a˜. For example, to define δ˜,
we take the natural map Λh+1p∗(E1)∨ → Λhp∗(E1)∨ ⊗ p∗(E1)∨, the obvious
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pairing p∗(E1)∨ ⊗ p∗(E1)→ OE0 , and the composite homomorphism
δ˜ : Λh+1p∗(E1)∨ → Λhp∗(E1)∨ ⊗ p∗(E1)∨ ⊗OE0
id⊗ id⊗δ
−−−−−−→ Λhp∗(E1)∨ ⊗ p∗(E1)∨ ⊗ p∗E1 → Λhp∗(E1)∨.
Define d+ : S+ → S− and d− : S− → S+ by summing for h even and h
odd the homomorphisms δ˜ : Sh → Sh−1 and α˜ : Sh → Sh+1. It is shown in
[PV01] that the homomorphisms d+ ◦ d− and d− ◦ d+ vanish. We denote by
S = S+ ⊕ S− the 2-periodic complex of coherent locally free sheaves on E0
with differential d = d+⊕d−. (In fact S is the spinor bundle associated to the
orthogonal bundle p∗E1 ⊕ p∗(E1)∨ and the differential is naturally induced
by the isotropic section δ ⊕ α.)
The complex
(5.2.1) · · ·
d−
−−→ S+
d+
−−→ S−
d−
−−→ S+
d+
−−→ S−
d−
−−→ S+
d+
−−→ · · ·
is exact on E0 \ i(X), [PV01, §3.1] (exactness is a consequence of a nonde-
generacy condition [PV01, §4.1, (4.2)] on a, which is equivalent to Definition
3.1.5). In [BFM75], a localized Chern character chYX is defined in the rational
bivariant Chow group A(X → Y )Q for a finite complex of coherent locally
free sheaves on a scheme Y exact outside a closed subscheme X . In [PV01],
Section 2.2, this construction is adapted to 2-periodic complexes and applied
to S to produce a character chE
0
X (S) ∈ A(X → E
0)Q, which allows us to define
(5.2.2) cPV (E
•, b) = td(E1) · chE
0
X (S) · [p] ∈ A
∗(X)Q.
By the same argument as in Section 3.7, this definition only depends on E•
and on the homomorphism in the derived category Symm+1(E•) → OX [−1]
induced by b. Therefore, for any object (π : C → X ;L; f) of the stack
S g,n(r,k), we choosem = r−1, and we apply cPV to a complex E
• represent-
ing Rπ∗L and a homomorphism b representing τ : Sym
r(Rπ∗L) → OX [−1].
We obtain the Polishchuk–Vaintrob class
(5.2.3) cPV ∈ A
∗(S g,n(r,k))Q.
We want to show cPV = cW in A
∗(S g,n(r,k))Q. This amounts to showing
cPV (E
•, b) = ctop(E
•, b). First, we show that Polishchuk and Vaintrob’s
localized Chern character descends to a homomorphism from a K-theory
group to the rational bivariant Chow group.
5.3. Preliminaries on 2-periodic complexes. We need to introduce some
notation.
5.3.1. Definition. Let Y be a scheme and X a closed subscheme. Write A
and F for the categories of coherent sheaves and coherent locally free sheaves
on Y . Denote by ChZ/2A and ChZ/2 F the category of 2-periodic complexes
W = W+ ⊕W− of coherent sheaves and coherent locally free sheaves on Y .
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Write ChXZ/2A and Ch
X
Z/2 F for the full subcategories of objects which are
exact on Y \X .
We consider the Grothendieck groups K0(ChZ/2 A)Y , K0(ChZ/2 F)Y ,
K0(Ch
X
Z/2 A)Y , and K0(Ch
X
Z/2 F)Y generated by the objects above modulo
the following relations:
(i) [W1] = [W2] if there exists a quasiisomorphism W1 →W2;
(ii) [W ] = [W1] + [W2] if there is a sequence 0 → W1 → W → W2 → 0
which is exact in all degrees of Z/2Z.
5.3.2. Remark. Let Y be a smooth scheme and X a closed subscheme; then,
Polishchuk and Vaintrob’s localized Chern character descends to an homo-
morphism on
(5.3.3) chYX : K0(Ch
X
Z/2 F)Y → A(X → Y )Q.
In order to define the homomorphism, we need to prove that chYX is defined
on the objects of ChXZ/2 F, and is compatible with (i) quasiisomorphisms and
(ii) exact sequences.
In [PV01, §2.2], a technical condition is required for the existence of
chYX(W ): on Y \ X , the sheaves im d
+ and im d− have to be subbundles
of W− and W+. This condition is satisfied, because Y is smooth. Indeed, for
any object W in ChXZ/2 F, we can write resolutions on Y \X of im d
+ (and of
im d−) of arbitrary length:
0→ im d+ →W−|Y \X →W
+
|Y \X → · · · →W
+
|Y \X → im d
+ → 0.
Take a sequence as above of length l > dim(Y ) + 2. By [BS58, §4, Lem. 9],
for Y smooth and W+,W− ∈ F we have im d+ ∈ F.
Finally chYX is compatible with the relations of K0(Ch
X
Z/2 F)Y because we
have the identity chYX(W ) = ch
Y
X(W1) + ch
Y
X(W2) for any exact sequence
0 → W1 → W → W2 → 0 by [PV01, Prop. 2.3,(iv)]. Note that this is suffi-
cient by the same argument of [Ful84, Exa. 18.1.4]: for any quasiisomorphism
f : W1 → W2, we have the exact sequence 0 → W1 → Cone(f) → W2 → 0,
with chYX(Cone(f)) = 0 by the exactness of Cone(f) on Y .
The following lemma was pointed out to me by Charles Walter.
5.3.4. Lemma. We have an isomorphism K0(ChZ/2A)Y → K
′
0(Y )
defined by [W ] 7→ [H+(W )] − [H−(W )]. Furthermore, for Y smooth and
quasiprojective, we also have K0(ChZ/2 A)Y ∼= K0(ChZ/2 F)Y .
Proof. The homomorphism K ′0(Y ) → K0(ChZ/2A)Y is induced by the func-
tor sending a sheaf F to the 2-periodic complex F⊕0 = (· · · → F → 0→ F →
0→ · · · ). Composing [W ] 7→ [H+(W )]− [H−(W )] after [F ] 7→ [F ⊕ 0] we get
the identity in K0(A) = K
′
0(Y ). Conversely, reversing the order of the com-
position, we obtain the homomorphism [W ] 7→ [H+(W )⊕ 0]− [H−(W )⊕ 0].
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This functor descends to the identity in K0(ChZ/2 A)Y , because the sequence
in ChZ/2 A
0 −→ ker d+ ⊕ ker d− −→W −→ im d+ ⊕ im d− −→ 0,
is exact (ker d+⊕ker d− and im d+⊕ im d− are Z/2Z-graded sheaves equipped
with the zero differential).
If X is smooth, the K-theory groups K0(ChZ/2 A)Y and K0(ChZ/2 F)Y
are isomorphic, because the localization of ChZ/2 A and ChZ/2 F induces
equivalent triangulated categories. This follows from the natural inclusion
of ChZ/2 F into ChZ/2 A and the fact that for any object W ∈ ChZ/2A there
exists an exact sequence 0→ Ln → Ln−1 → · · · → L0 → W → 0, where each
Li is an object of ChZ/2 F. This is a consequence of the following properties.
(1) If 0→ F → Lp → Lp−1 → · · · → L0 → W → 0 is exact with F,W in
ChZ/2A and Li in ChZ/2 F; then, for p ≥ dim(X)− 1, F belongs to
ChZ/2 F.
(2) Any W in ChZ/2 A is a quotient of an object L in ChZ/2 F.
Note that (1) follows immediately from [BS58, Lem. 9] and (2) can be shown
using the natural functor
(5.3.5) HomA(P,W
+)→
HomChZ/2 A
((
P ⊕ P,
(
0 id
0 0
))
,
(
W+ ⊕W−,
(
0 d−
d+ 0
)))
,
given by φ 7→ φ ⊕ (d+ ◦ φ) and the functor φ 7→ (d− ◦ φ) ⊕ φ defined on
HomA(P,W
−). To see this, take an object W+⊕W− in ChZ/2 A, and, using
[BS58, Lem. 10], take two surjections (P+ → W+) ∈ HomA(P,W
+) and
(P− →W−) ∈ HomA(P,W
−). Then, applying the functors above, we obtain
two morphisms to W+ ⊕W−. By construction, the sum is surjective. 
For the rest of the section we consider a coherent locally free sheaf V on a
smooth scheme X , and we write V for the total space of V , p : V→ X for the
projection, and i : X → V for the zero section.
Note that, for any coherent 2-periodic complex W on V exact outside
i(X), the sheaves p∗H
+(W ) and p∗H
−(W ) are coherent, because H+(W )
and H−(W ) are supported on i(X). The pushforward p∗ induces an exact
functor from ChXZ/2 A to the category of 2-periodic complexes of coherent
sheaves on X . Therefore, we can define a homomorphism
(5.3.6) ϕ : K0(Ch
X
Z/2 F)V → K
′
0(X)
mapping as [W ] 7→ [p∗H
+(W )]− [p∗H
−(W )].
5.3.7. Lemma. For any vector bundle V on a smooth scheme X, the homo-
morphism ϕ is a bijection.
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Proof. Note that K0(Ch
X
Z/2 F)V is the kernel of the homomorphism
K0(ChZ/2 F)V → K0(ChZ/2 F)V\i(X).
On the other hand the kernel of the homomorphism K ′0(V) → K
′
0(V \ i(X))
is identified (via p∗) with K
′
0(X). Finally, note that ϕ is the restriction
to K0(Ch
X
Z/2 F)V of the isomorphism K0(ChZ/2 F)V → K
′
0(V) from Lemma
5.3.4. 
5.3.8. Lemma. Let V be a coherent locally free sheaf on X. The diagram
K0(Ch
X
Z/2 F)V
ϕ

chVX // A(X → V)Q
[p]·td(V )

K ′0(X)
∼ // K0(X)
ch // A∗(X)Q
is commutative.
Proof. The Koszul complex induced by the tautological section V→ p∗V
0→ Λrk(V )(p∗V )∨
drk(V )
−−−−→ · · ·
d3−→ Λ2(p∗V )∨
d2−→ (p∗V )∨
d1−→ OV → 0,
is exact off i(X); this happens in general for a vector bundle with a nowhere
vanishing section, see [Ful84, B.3.4 and A.5]. Denote by Λ(p∗V )∨ the
2-periodic complex given by summing the exterior powers Λi(p∗V )∨ and the
homomorphisms di for i even and i odd. For any coherent locally free sheaf
A on X , the 2-periodic complex p∗A ⊗ Λ(p∗V ) is exact off X . We define
κ : K0(X) → K0(Ch
X
Z/2 F)V as the homomorphism [A] 7→ [p
∗A ⊗ Λ(p∗V )∨].
Note that κ commutes with ϕ and K ′0(X) → K0(X). Indeed, consider the
complexes A⊗ SymN (V
id
−→ V ), and denote by
TN = (· · · → T
+
N → T
−
N → T
+
N → T
−
N → · · · )
the 2-periodic complex given by summing over even and odd degrees. Then,
note that, by the projection formula, we can decompose the complex
p∗(p
∗A ⊗ Λ(p∗V )∨) into the sum of the complexes TN . The complex TN
is exact if N > 0, so we have
ϕ(p∗A⊗ Λp∗V ∨) = [H+(p∗(p
∗A⊗ Λp∗V ∨)]− [H−(p∗(p
∗A⊗ Λp∗V ∨)] = [A].
Therefore κ is an isomorphism.
By [PV01, Prop. 2.3, (iv)], we have
chVX(p
∗A⊗ Λ(p∗V )∨) · [p] · td(V ) = ch(A)
(indeed, the formula above can be rewritten in terms of the standard localized
Chern character from [Ful84] and follows from [BFM75, Prop. 3.4, Ch. 1]).
The diagram commutes, because we have
chVX(κ[A]) · [p] · td(V ) = ch
V
X(p
∗A⊗ Λ(p∗V )∨) · [p] · td(V ) = ch(A).
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
5.4. The identity. We show the identity between cPV and cW . For any ob-
ject (π : C → X ;L; f) of the stack S g,n(r,k), we have a complex E
• and a
homomorphism b : SymmE0⊗E1 → OX , whose dual is closed and nondegen-
erate for (E•)∨. We recall that cPV (F•, a) = td(E
1) · chE
0
X (S) · [p], where S is
the 2-periodic complex at (5.2.1).
5.4.1. Theorem. We have
ϕ[S] = Ke((E•)∨, b∨) in K ′0(X) and(5.4.2)
cPV (E
•, b) = ctop(E
•, b) in A∗(X)Q.(5.4.3)
Therefore cPV = cW in A(S g,n(r,k))Q.
Proof. Define L+ → L− and L− → L+ by summing, for k even and k odd,
all the homomorphisms d˜ : Lh,k → Lh+1,k−1 and a˜ : Lh,k → Lh+m,k+1. Now,
L = L+ ⊕ L− is a 2-periodic complex of quasicoherent sheaves by Lemma
3.2.3. It is easy to see that the 2-periodic complex p∗S is equal to L (with
p∗δ˜ = d˜ and p∗ϕ˜ = a˜). The functor p∗ is exact on complexes which are ex-
act off i(X); therefore, since the complex S in (5.2.1) is exact off i(X) by
[PV01, S3.1], we have p∗ (H
+(S)) = H+(p∗S) = H
+(L) and p∗ (H
−(S)) =
H+(p∗S) = H
−(L). This implies (5.4.2). Finally, Lemma 5.3.8 implies
(5.4.3):
cPV (E
•, b) = td(E1) chE
0
X (S) · [p] = td(E
1) · td(E0)−1 · ch(ϕ[S])
=
td(E1)
td(E0)
ch(Ke((E•)∨, b•)) = ctop(E
•, b).

5.4.4. Remark. The identity of Theorem 5.4.1 guarantees that the class is
concentrated in degree −χ(C,L) = n1 − n0. Furthermore, the axioms of
cohomological field theory stated by Jarvis, Kimura, and Vaintrob in [JKV01]
are proven by Polishchuk and Vaintrob in [PV01] and [Pol04]. The proofs
are given on the level of K-theory of complexes on a vector bundle that are
strictly exact off the zero section. Note that the equivalence of triangulated
categories shown in Lemma 5.3.4 implies that working in the K-theory of
the base scheme X is equivalent to working in the K-theory of complexes
on a vector bundle V → X that are strictly exact off the zero section. This
indicates that the arguments used by Polishchuk and Vaintrob can be restated
in K0(X), without passing through V. In the cases that we have checked,
however, this passage to X does not appear to simplify significantly the proofs
of the cohomological field theory axioms.
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6. Computations
6.1. Compatibility withWitten’s definition. Assume that for every point
x ∈ X we have H0(Cx, Lx) = 0. Then, R
0π∗L = 0 and R
1π∗L is a bundle.
By Definition 4.0.8, we have cW = ctop(R
•π∗L, 0). By Definition 3.5.1, we
have
ctop(R
•π∗L, 0) = ch(Ke((R
•π∗L)
∨, 0)) · td(R1π∗L).
So, by Proposition 3.4.2, we have
Ke((R•π∗L)
∨, 0) = λ−1((R
1π∗L)
∨).
Finally, by (1.5.1), we have
cW = ctop(R
•π∗L, 0) = λ−1((R
1π∗L)
∨) · td(R1π∗L) = ctop(R
1π∗L),
which agrees with Witten’s definition (1.3.2).
6.2. The case when R0π∗L and R
1π∗L are vector bundles. Let (π : C →
X ;L; f) be an object of S g,n(r,k) over which R
ip∗L is a vector bundle of rank
hi = hi(C,L). Denote by a the form induced by Serre duality
b : Symr−1(R0p∗L)⊗ (R
1p∗L)→ OX .
By the same argument as in Section 4, the form b∨ is closed and nondegener-
ate. By Theorem 3.3.1 we have, for t0 = r − 1 +
(
h1−1+r−1
r−1
)
,
Ke(Rp∗L
∨, b∨) =
∑
h≤(r−1)k+t0
(−1)k[Symh(R0p∗L)
∨][Λk(R1p∗L)
∨].
Therefore, via Definition 3.5.1, we can compute explicitly the pullback of cW
under the morphism X → S g,n(r,k).
6.3. The case r = 2, theta characteristics. For r = 2 and k = 0, the
class cW is a cycle of codimension 0, Remark 5.4.4. So the class cW is de-
termined by a number. We claim that this number is 1 on the connected
component compactifying even theta characteristics (h0(C,L) even) and −1
on the component compactifying the odd ones (h0(C,L) odd). Indeed, since
we only need to determine the multiplicity of cW we can consider L→ C
pi
−→ X
where X is a point, C is a smooth curve, and L is a line bundle satisfying
L⊗2 ∼= ωC . The complex H
•(C,L) with zero differential represents Rπ∗L.
The nondegenerate form is the perfect pairing H0(C,L)⊗H1(C,L)→ C. We
24 ALESSANDRO CHIODO
write H∨i = (H
i(C,L))∨ and hi = hi(C,L) and describe L•,• as follows.
0 0 · · ·
Λh
1
H∨1 H
∨
0 ⊗ Λ
h1H∨1 · · ·
Λh
1−1H∨1
a˜
33hhhhh
· · · Λ2H∨0 ⊗H
∨
1
· · · H∨0 ⊗H
∨
1
a˜
33gggggg
Λ2H∨0 ⊗H
∨
1 · · ·
C
a˜
33gggggg
H∨0
a˜
33fffffff
· · · SymtH∨0 · · ·
Note that the differential d˜ is zero and the differential a˜ is always exact,
except on Λh
1
H∨1 . The Witten top Chern class in K-theory is equal to
(−1)h
1
[Λh
1
H∨1 ] = (−1)
h1 [C]. The cohomology class is cW = (−1)
h1 .
6.4. Genus one. We consider the case g = 1, n = 1, and k = (0), the moduli
stack compactifying elliptic r-spin curves. Indeed, again the class cW is a
cycle of codimension 0, Remark 5.4.4. We can consider L → C
pi
−→ X where
X is a point, C is a smooth curve of genus 1, and L is a line bundle satisfying
L⊗r ∼= ωC ∼= OC . The complex H
•(C,L) with zero differential represents
Rπ∗L. Note that, if L is not trivial, we have H
i(C,L) = 0 and, therefore,
cW = 1X .
We assume that L is trivial; therefore, we have hi(C,L) = 1. We write
Hi = Hi(C,L) and H∨i = (H
i(C,L))∨. The closed and nondegenerate form
is given by the isomorphism Symr−1H0 = (H0)⊗r−1 ∼= H0(L⊗r−1) ∼= H∨1 .
We describe L•,• as follows.
0 0 · · ·
H∨1 H
∨
0 ⊗H
∨
1 · · · (H
∨
0 )
⊗r−2 ⊗H∨1 (H
∨
0 )
⊗r ⊗H∨1
C H∨0 · · · (H
∨
0 )
⊗r−2 (H∨0 )
⊗r
The differential d˜ is zero, and the differential
a˜ : (H∨0 )
⊗i → (H∨0 )
⊗i+r−1 ⊗H∨1
is always exact, except on H∨1 , H
∨
0 ⊗H
∨
1 , . . . , and (H
∨
0 )
⊗r−2⊗H∨1 . Therefore,
the Witten top Chern class in the K-theory of a closed point is equal to
−
∑r−2
i=1 [(H
∨
0 )
⊗i ⊗H∨1 ] = (−1)[C
⊕r−1]. Finally, via Chern character, we get
cW = −(r − 1)1X . This is consistent with Witten’s predictions and can be
deducted also from the cohomological field theory axioms [JKV01].
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